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ABSTRACT 

L«t  f:  X-*X*  be  «  bomcomorphieffl  of  a  metric  eepereble  space  X  into  a  compact  metric  apace  X, 
such  that  -  X*  The  pair  (f,  X*)  is  then  called  a  metric  compactiflcation  of  X.  If  X  ia  an  aheo- 
luU  Gj. apace  (F,-  apace)  (i.e.  a  Gj  aet  (F^-aet)  in  aome  compact  apace),  then  X  la  said  to  be  of 

m 

the  flrat  kind  (cf.[6])  if  there  exiata  a  convactiflcation  (f,  X  )  of  X  auchthat  X  ■  A  Gj ,  where  G, 
are  sets  open  In  X*  and  dim  I  Fr(G,)l  <  dim  X,  i  -  1, 2, ...  (Fr(G,)  -  being  the  boundary  of  G.  and 
dim  X  -  the  dimension  of  X).  An  abaolute  G^ space,  (F^- apace)  which  is  not  of  the  first  kind  ia  said 
to  be  of  the  second  kiniL  In  the  present  study  spaces  X  which  are  both  absolute  F^  and  abaolute 
Gj.apaces  of  the  second  kind  are  constructed  for  any  positive  finite  dimension,  a  problem  related  to  one 
of  A.  Lelek  in  [111  is  solved  and  a  sufficient  condition  on  X  is  given,  under  which  dim  tX*-f(X)l  >  1 
for  any  compactiflcation  (f,  X*)  of  X.  It  is  noted  also,  that  an  analogous  condition  assures 
dim[X*-l(X)]>n. 
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INTRODUCTION 

L«t  (:  X-*X*  b«  *  hoiMomorphitm  of  a  netric  separAble  aptce  X  into  a  compact  motric  apaeo 
X*«idi  that  {(X)>X*.  The  pair  (f,)^  ia  dm  called  a  metric  compactificadan  of  die  metric  apace  X  It  la  knotm** 
that  for  aa«h  owtric  aeparabla  apace  X  there  axiata  a  homaomorphiam  f:  X-*J  ^  of  X  Into  the  Hil> 
bertcttba  Thua  denodeg  X*«  f(X)(tha  cloaure  of  f(X)  in  we  obtain  a  compacdfication 
(f,X^ofX.  It  can  be  dunm  that  there  alwaya  eiiata  a  eompactificadon  ( i,  X*)  auch  that 

*  I) 

dim  X  <  dim  X  where  dim  X  denotaa  the  dimenaion  of  X  in  the  aenaa  of  Manger-Uryaohn  .  What  can 
be  aaid  about  the  dimenaion  dim  (X* -  f(X))  of  the  aet  X*-  f(X)  le  conaiderad  in  dw  preaent  atudy. 
Thia  quaadon  ta  cloaely  related  to  aome  reaulta  obtained  by  B.  Knaeter  in  [6]  and  A.  Lelek  in  (11]*^. 


I.  SOMe  COMPACTIWICATIONI  OP  METRIC  SPACES 

I.<|.  Let  X  be  a  given  topolo^cal  epace.  Let  X*  ■  Xw(i%  where  t  4  X  ia  an  addidonal  point, 
and  let  ua  define  die  topology  b  X*  by  taking  an  open  eeta  nil  aeta  open  b  X  and  all  eubeeta  U  of 
X* ,  audi  dint  X*- 1)  ia  a  eloeed  compact  aubaet  d  X,  Then,  the  theorem  of  Alesndroff  atateai 


1)  S.  (8],p.  119,  Theorem  1. 

2)  S.  {41 ,  p.  65,  Theorem  V,  6.  Alao  t9],  p.  72. 

S)  8.  C4] ,  p.  10  and  24.  Alao  [8] ,  p.  162. 

4)  I  learned  recendy  that  aome  problema  conaidered  b  the  preaent  atudy  have  been  aolved  by  Lelek 
in  an  endrely  different  way.  (not  publiehed). 
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(1)  The  space  X*  is  a  compact  topological  space  aad  X*  is  a  Hausdorff  space  if  and  oaly  if 

5) 

X  is  a  iocaiiy  compact  Hausdorff  space 

The  apace  X*  is  called  the  one^iat  compactificatioo  of  Ue  space  X. 

A  topological  embedding  is  usually  allowed  rather  than  insist  that  X  actually  be  a  aubset  of  X , 
Thus  by  a  compactificatioo  of  a  space  X  a  pair  (f,  X*)  is  understood,  such  that  f ;  X-»X  is  a  homeo' 
motphiam  of  X  into  a  compact  apace  X*  and  f(X)  ■  X*  (i.e.  the  image  f(X)  of  X  is  dense  in  X  ), 

In  this  sense  the  one*point  compactificatioo  of  a  non  compact  apace  X  is  a  pair  (i,  X  )  where  i :  X-«X 
is  the  identi^r  mapping  and  i(X)  -  X*  m  Xv/(s*). 

Another  compactification  of  a  topological  apace  X  is  the  Stooe^ech  compactificatioo  (e,^(X)) . 
Thla  compactificatioo  is  defined  aa  follows: 

Let  us  take  the  set  F(X)  of  all  continuous  functiona  f:X-*J  mapping  X  into  the  bterval 
J«[0,1]  and  the  product  with  the  Tychonoff  topology.  Let  ua  define  the  mapping  e:X.»J 

by  correlating  with  each  point  xrX  the  point  e(i)  whose  f-th  coordinate  is  f(z),  for  each  frF(X). 
The  mapping  e(x)  is  a  contlnuoua  mapping  of  X  into  ]*"***,  and  in  the  case  when  X  is  a  completely 
regular  T^  -  apace  it  tuma  out  to  be  a  bomeomorphism.  In  thia  case  we  define  /9(X)  by  ^(X)>  e(X) 
aad  the  pair  (e,  ^(X))  is  called  the  Stooe*£eeh  conq>actifieatioo  of  X. 

5)  S.  [5],  p.  ISO,  also  (3],  p.  73. 

6)  S.  [5],  p.  152.  For  properties  of  the  Stone. Cech  compactificatioo,  aee  aleo  [2]  and  (13]. 

7)  8.  (51,  p.  153. 
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Let  us  note  that: 

(2)  If  (Cf /3(X))  is  the  Stone-dech  compactification  of  a  completely  regular  -  space  X  and 
f :  X-»Y  is  a  continuous  mapping  of  X  into  a  compact  Hausdorff  space  Y,  then  f[e~^(x)]  has  a  con* 
tinuous  extension  on  /9(X)  into  y/^ 

Numeroua  other  compactifications  are  constructed  for  various  purposes.  One  of  thsi  used  in  the 

dimension  theory,  is  the  Wallman  compactification  (9,  w(X)),  It  turns  out  to  be  topologically  equiva- 

8) 

lent  to  the  Stone-Cech  compactification,  if  w(X)  is  a  Hausdorff  space  . 

s  s 

r.2.  Considering  the  one-point  compactification  (i,  X  )  of  a  metric  space,  we  note  that  the  space  X 

is  generally  not  a  metric  space.  For  instance,  if  X  is  a  metric  space  which  is  not  locally  compact, 
then  by  (1)  X***  cannot  be  a  metric  space  (since  every  metric  space  is  a  Hausdorff  space).  Thus  if  we 
seek  for  a  given  metric  space  X,  a  compactification  (f,  X*),  where  X*  is  also  a  metric  space,  we  gene¬ 
rally  cannot  achieve  this,  by  merely  adding  a  single  point  and  should  provide  for  the  set  X*  *  f(X)  to 
contain  more  than  one  point. 

In  the  present  study  we  confine  ourselves  to  metric  compactifications  (f,  X*)  of  metric  separable 
spaces  X  only.  This  means  the  assumption  that  X  is  a  separable  metric  space  and  X*  a  metric 
space.  As  already  noted,  the  one-point  compactification  is  generally  not  a  metric  compactification.  Let 
us  show  that  an  analogous  statement  holds  for  the  Stbne-dech  compactification  (e,/9(X)).  This  will  be 


7)  S.  (S],p.  153. 

8)  Ibidem,  p.  168.  For  properties  of  the  Wallman  compactification,  [15]. 
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shown  by  the  following 

Theorem  1.  If  X  is  a  non  compact  metric  space  and  (e,  j9(X))  the  Stone-6ech  compactification 
of  X,  then  /9(X)  is  not  a  metric  space. 

Proof.  Suppose,  to  the  contrary,  that  /8(X)  is  a  metric  space.  Let  e(X)  be  the  image  of  X  in  j9(X). 
Since  X  is  not  compact,  there  exists  a  sequence  A  ■  I  a^)  of  points  <X  which  does  not 

contain  any  convergent  subsequence.  Consider  the  points  e(aj«  b^.  Since  /3(X)  is  compact  and 
metric,  the  sequence  (b.l  contains  a  convergent  subsequence  {b^  i  ^Ib  I.  Let 

b'^-»b#/9(X)  and  consider  the  points  By  A'-ja'^jlCA  the  sequence  A^  does  not 

contain  any  convergent  subsequence.  Therefore  A'  is  a  closed  subset  of  X.  Let  us  define  the  real 
function  f:  A^-»  J  ■(0,11  by  f(n^-)  ■  k-i.s,...  * 

*  1  for  o-ak-i 

Since  A'  does  not  contain  any  convergent  subsequence,  the  function  f ;  A%J  is  continuous; 

9) 

ud  aince  A '  la  a  cloaed  aubaat  of  the  metric  apace  X,  we  can,  uaing  Tietse'a  eztenaion  theorem  , 
extend  thia  function,  to  a  continuoua  function  f:  X-»  J  (the  extended  function  ia  denoted  alao  by  (). 

By  (2),  the  function  fe**^  haa  then  a  continuoua  extenaion  T  on  the  whole  of  /9(X) .  But  aince 
T(b')-fe"*  (b' )  -  f(a' )  -  I  *  **'  and  b'^b  the  function  f  cannot  be  continuoua  at  the 

“  ■  •  1  l.t  B-fk-l  ■ 

point  b.  Thia  contradiction  ahowa  that  ^(X)  ia  not  a  metric  apace. 


9)  S.  [81,  p.  117. 


■  <©!5iS  ■ 
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Remark  1.  Since,  as  noted  at  the  end  of  Section  1.1,  the  Wallman  compactiflcation  (•,  w(X))  ia  in  caae 
of  Hauadorff  apace  w(X)  topologically  equivalent  to  that  of  Stooe-(Sech  it  followa  by  Theorem  1  that  if 
X  ia  a  noo*compact  metric  apace,  then  the  apace  w(X)  ia  not  a  metric  apace. 


II.  PROBLEMS  ON  COMPACTIPICATIONS 

n.l.  The  reaulta  of  Section  I  indicate  that  metric  compactificationa  of  metric  apacea  are  generally 
neither  the  Stone-.£ech  nor  the  one^int  compactlficatioo.  Now,  aince  for  metric  compactificationa  the 
aet  X*  -  ^X)  generally  containa  more  than  one  point,  there  arieea  a  problem  of  finding  the  atructure 
of  thia  aet  for  aome  claaaea  of  metric  apacea  X.  For  example  the  following  queationa  can  be  put: 

(a)  la  it  alwaya  poaaible  to  find  a  compactiflcation  (f,  X*)  of  X  auch  that  X'''~  f(X)  would  be  countable! 

(b)  la  it  alwaya  poaaible  to  find  a  compactiflcation  (f,  X*)  auch  that  dim  [X*-  f(  X)]  <  dim  X ! 

Regarding  queatioo  (a),  it  ia  known  that  each  apace  which  doea  not  contain  a  aubaet  denae  in  it- 
aelf,  haa  a  compactiflcation  (f,  X  }  auch  that  X  -  f(X)  ia  countable  .  On  the  other  hand,  it  ia  eaai|y 
aeen  that  for  each  compactiflcation  of  the  aet  X  of  rational  numbera  the  aet  X*  -  f(X)  ia  uncountable. 

Indeed,  aince  f :  X->  X*  ia  a  homeomorphiam,  each  point  of  f(X)  ia  a  limit  point  and  therefore  X* 
ia  perfect.  Hence  X*  ia  uncountable 


10)  S.  tTl.p.  194,  IV. 

11)  S.  [3],p.98. 
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Regarding  (b),  it  ia  known,  that  for  each  apace  X,  there  exiata  a  compactification  (f,  X*)  auch 

that  dim  X  •  dim  X  and  thua  dim  [X*-  f(X)]  <  dim  X.  Eaay  examplea  ahow  that  in  many  caaea  thia 

weak  inequality  <  can  be  replaced  the  atrong  <•  It  aufficea,  for  example  to  take  any  n-dimenaiooal 

cube  J  ;  n«1^2.«.  and  any  point  prj  .  The  aet  X«J  -(p)  can  be  compactified  by  adding  thia 

aingle  point.  We  then  have  X*".]*  and  dim  [X*- f(X)]  .  dim  (p)  -  0  <  dim  X,  where  f«i  iathe 

Identity  mapping.  On  the  other  hand,  it  ia  not  alwaya  poaaible  to  achieve  the  atrong  inequality 

dim  (X*-  f(X))  <  dim  X.  Indeed,  for  a  0-dimenaional  apace  X,  dim  (X*^-  f(X))  <  dim  X  •  0  meana 
* 

diat  X  —  f(X)  it  empty  and  hence  X  !e  compact.  It  followa  that  for  a  O-dimenaional  non  compact 
■pace  X  thie  airoog  inequality  ia  impoaaible.  The  probiem  of  finding  examplea  of  n<dimenaional 
■pacea  X,n>0  of  a  aimple  topological  atructure  for  which  dim  [X*  -  f(X)]  <  dim  X  doea  not  hold  for 
any  compactification  (f,  X*)  ^  complicated,  More  preciaely,  thia  problem  may  be  formulated 

aa  followa: 

(c)  Let  X  ba  a  given  n<dimenaional  apace  and  k  <  n  an  integer.  Under  what  conditiona  on  X  ahali 
wa  hava  dim  (X*-  f(X)]  j  k  for  each  compactification  (f,  X*)  of  X  t 

II.2.  B.  Knaater  diacovered  in  [6]  that  there  exiat  two  kinda  of  abaolute  G, .  apacea  (alao  called  . 
i®  compact  apacea  or  topologically  complete  apacea),  Thair  definition  la: 

^  apace  ia  aaid  to  be  of  the  firat  kindi  if  there  exiata  a  compactification  (f,  X*) 

auch  that  f(X)«  G,  and  dim  [Ft(G|)]  <dim  X,  where  G,  1-1,2,...  are  aeta  open  in  X*  and 


•  7  • 


Fr(G|)  denote*  the  bounderjr  of  G^  in  X*.  An  ebeolute  G^-epnce  i*  eeid  to  be  of  the  eecoiid  kbd  if 
it  i*  not  of  the  firet  kind. 

It  we*  ebown  bjr  Lelek  diet 

(3)  An  ebeolute  G^.epece  of  finite  dimeneion  i*  of  the  firet  kind,  if  end  ooiy  if  there  esiete  e  com- 
pecdficetion  (f,  X*)  of  X  euch  thet  din  (X*»  f(X)]  <  dim  X, 

Now,  it  wee  ehown  in  [6]  thet  the  Certeeien  product  N  x  J,  where  N  in  the  net  of  irretionei  num> 
ber*  in  the  intervel  J  « [0,1] ,  i*  en  ebeidute  G^.epece  of  the  eecood  kind.  It  wee  further  proved  in 
[II],  thet  if  Z  i*  eny  compect  epece  widi  dim  Z  «  n  >  0,  then  the  epece  X  >  N  x  Z  i*  en  ebeolute 
Gj'^ece  of  the  eecond  kind.  Thee*  reeult*  provide  e  eolution  of  problem  (c)  for  n-k  in  the  dee* 
of  finite  dimeneionei  ebeolute  Gj> epece*. '  Hie  eequei  will  i.e.  include  *  eolution  of  the  following 
problem*: 

(e^)  Doe*  diere  esiet,  for  eny  poeidve  finite  dimeneion  n  «  1,2,...,  e  finite  dimeneionei  epece  X, 
which  ie  both  en  ebeolute  end  Gg- epece  of  the  eecood  kind  t 

(Oj)  I*  it  true  thet  eech  ebeolute  Gg>*pece  X  of  the  eecood  kind,  heving  e  poeitive  finite  dimeneion, 
n,  contein*  *  topoiogicel  imege  of  e  eet  of  the  form  N  x  Z,  where  N  i*  the  eet  of  irretionei  number*  of 
the  intervel  J  •  [0,1]  end  dim  Z  *  dim  X  i 
(eg)  Problem  (c),  for  the  ceee  k  >  1 


12)  S.  [11],  p.  31,  Theorem  1. 


and  finally 
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(a^)  Conatnictlon  of  a  weakly  Infinite  dimensional  absolute  and  G^- apace  of  the  first  klnd|  such 
that  for  each  compactlflcatlon  (f,  X*)  there  is  dim  (X*-  f(X))  - 

Before  proceeding  with  a  solution  of  problems  (a^)  •  (a^),  we  quote  in  the  next  section  some  fade 
on  coverings. 


III.  COVERINGS 

By  coverbg  of  a  space  Y,  a  family  G  ■  |  G||  of  sets  G^  is  understood  such  that  Y «V/  G|.  If 
G|  are  open  (dosed)  sets  the  covering  is  called  open  (closed).  If  the  diameters  d(G^)  of  all  G^  are 
<tt  G  Is  called  an  recovering  and  if  G  is  flnite  -  a  finite  covering. 

d^(Y)  denotes  the  infinum  of  all  numbers  r  >  0  such  that  there  exists  a  finite  open  r-  covering 
of  Y  satisfying 

(4)  aG^  -  0|  for  any  set  of  n^l  indices  i^<ij<...<i^  (i.e.^  such  that 

the  intersection  of  any  n  ^  1  different  sets  G^  is  empty). 

It  is  known  that  for  finite  coverings  of  a  space  Y  the  existence  of  an  open  r-  covering  satis¬ 
fying  (4)  is  equivalent  to  that  of  a  closed  #-  covering  satisfying  (4),  and  that  for  a  compact  space  Y^ 

13)  A  space  is  called  weakly  inflnite-dimensiMal  if  it  is  a  union  of  a  sequence  of  finite  dimensional 
spaces  X^p  with  dim  X^  -»  m  ^  for  k  m  . 
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dim  Y  <  n  if  and  only  if  (V)  -  Let  ua  now  prove  a  property  of  the  Lebetgue  number  X  of 

a  finite  covering. 

(5)  Let  Fj . F^  be  a  finite  family  of  closed  subsets  of  a  compact  space  Z. 

Then  there  exists  a  number  X  >  0  (the  Lebesgue  number  of  the  family  (F^^ ,  F^, ...  F,  ))  such 

that  if  a  point  prZ  is  at  distance  <  X  from  all  the  sets  F^  •  . * 

non-empty  intersection. 

Proof  Suppose  the  contrary.  Then  there  exists  a  sequence  of  points  p^,  Pi . Pb  * 

tn.«  0,  If  2f ...  aadifamilies  ^  ^k J  •  ^k  j  t  •  •  • »  ®  ) » •  •  •  •  ^1  “  ( ^kj^ »  *  •  • »  ^k^ )  p  •  •  *  • 

1  “J 

such  that  the  point  Pj  is  at  distance  ^  from  all  the  sets  F^j  of  the  family  Sj,but 

Since  the  number  of  different  families  S^,  i«0,L...  constructed  from  a  given  finite  family  of  sets 

i  F.  I  is  finite,  some  family  -  say  S.  -  must  appear  in  the  sequence  |S.|  an  infinite 

number  of  times.  Thus  there  exists  a  subsequence  ip'^ICtp^i  such  that  is  at  distance  < 

from  all  the  sets  F. . F.o  of  S  .  Since  Z  is  compact,  the  sequence  tpM  contains  a  con- 

vergent  subsequence  to  some  point  p  r  Z.  Denoting  this  subsequence  by  Ip ^ I,  we  have  p' p  r  Z. 

Now,  by  pCp.p  ^kj)  -  i-0,1,  ...,n^  and  every  n»0,l,.«.  and  by  p'-pp  we  have 

p(p,  F^o)-0.  Since  F^  are  closed  sets,  it  follows  that  p  r  F^p  i-0,1,...,  which  is  incom- 


U)  S.  [9l,p.60. 

IS)  This  is  a  standard  proof  and  is  given  here  for  the  sake  of  completeness  only. 
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patible  with  the  fact  that  fS  F.  o  «  0  (by  the  defioitioa  of  S.  )• 

i*#  “i 

It  follows  by  (5)  that 

m 

(6)  If  Y  is  a  closed  subset  of  a  compact  space  Z  and  YUKJ  where  are  closed  sets 

k*o 

such  that  any  different  n+1  of  them  have  an  empty  Intersection ;  theO|  replacing  each  by  Its 
€-neighborhood^*^  «  S(F^»  r)  (in  Z)  with  2€<A  we  get  an  open  (in  Z)  coveting  C«|G^|of 

the  set  Y,  such  that  for  the  family  |G^|  of  closures  of  G^,  any  n  1  different  sets  G^  have  also 

.  .  17) 

an  empty  intersection 

Another  consequence  of  (S)  is; 

(7)  If  the  closed  sets  F^,  F^,  • . ,  F^  In  a  compact  space  Z  have  an  empty  intersection: 

A  F.  .  0  •  then,  there  exists  a  number  r  >  0  such  that  no  set  of  diameter  <  r  has  a  non  empty  in- 

tersection  with  each  of  the  sets  F^.  F| . F^. 

Indeed,  it  suffices  to  take  snd  to  apply  (5). 

A 

We  ehell  now  give  some  properties  of  coverings  of  simpleMs. 

Let  o*-(p, . P.)  be  s  closed  s-dimensioosl  simplei  with  vertices  p,,Pif<iPa 

Euclideso  s^mensioosl  spsce  E*  snd  let  Ua  -*1  be  s  homeomorphism  of  a  into  s  spsce  Z. 
Let  o*"'''  denote  the  (s  - 1)  dimensionsl  closed  fsce  of  o  opposite  to  the  vertex  Pj<e*,i.e. 

16)  An  <  -neighboriwod  of  s  set  F  is  by  deflnition  the  union  over  nil  p  <  F  of  the  sets 

S,  •(*;  pip,  *)<ti  Z| 

17)  For  s  proof  of  (6)  see  slso  [14l»  Pa  414,  Lemms  2  snd  (101,  p«  257. 


-il- 


. P|-1«P|  +  1 . P.)  ■ndUt  and  f*"*'*  - 


•-l.i 


Then  r*  is  a  curvilbear  simplex  with  vertices  «  f(Pi)  and  (s-l)-<UmeQeioiial  faces  r' 
i  «  0,1»  • .  • ,  a.  Since  f  is  a  homeomorphism  and  An  ’  •  0,  wc  have  that  A  r  ’  «  0*  Thus 

1*0  ■  i«o 

applying  (7)  with  m  *  s  to  the  closed  sets  ^  exists  a  number  c  >  0  such 


that  DO  set  with  diameter  <  t  intersects  each  of  the  (aces  r 


•-1,  i 


Let  now  «  >  0  be  this  number  and  let  us  show  that 


o~l.i 


(8)  Let  i>0  be  a  number  such  that  no  set  with  diameter  <  t  intersects  each  face  r  .  Let 

m 

further  f  *  F.  ,  where  F.  are  closed  sets  with  diameters  j(F^)  <  r  t  k  *  0,1, ...  m.  Then  some 

k*o 

s^l  sets  F^  • . . . ,  F^  have  a  non  empty  btersection. 

O 

Sbee  fi(F^)<rfno  F^  containing  a  vertex  qj  of  r  intersects  the  face  r  ^  opposite  to 

q|.  Since  f  is  ooe-to«one,  no  set  f  (F|^)  containing  a  vertex  Pj  of  a  intersects  the  face  a 
opposite  to  Pj.  Now,  the  sets  f  \f^)  k  -  0,l,..#m  cover  the  simplex  o  and  arc  closed,  since 
f  is  continuous.  Thus  applying  the  same  procedure  as  b  the  proof  of  (2,241  in  [1],  p.  194  we  ob- 


.-I 


tab  that  some  s-f  1  sets  (  (P^  ),  j  *  0,1, ...  s  have  a  non  empty  intersection.  Hence  also  the 

sets  ,  j  »  0,1  • .  •  s  have  a  non  empty  intersection. 
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IV.  THE  SOLUTION  OF  PROBLEMS  FORMULATED  IN  II 

IV.  1.  An  n-dlnnnsional  obwlut*  F^  and  G^‘*apaca  X  and  lit  preportiat. 

Let  a*  >  (pg,  pj.  . .  .p,  )  be  the  n^Umeflaiooal  closed  simplex  in  the  n-dimensioosi  EuclidSsa 

space  E*  with  vertices  p^  -  (0,0,.^. ,0)  sod  p^  ••  (0, . . .0,  1,  0, . . .0),  i  -  1, 2,,. .,a  (i.e.  pj  is 

■ 

the  point  in.  E*  whose  i^h  coordinate  is  1  and  nil  other  coordinates  ore  0).  Let  A  >  |Sj|  j  -  1,2,. . . 
be  the  sequence  of  points  of  the  form  s.  -  ^  >  i  *  1|2| ...  on  the  real  axes  E  and  let  s^  «  0  t  e\ 


J 


Denote  by  Fr  (o*)  -  V  o*~  *  the  boundary  of  the  simplex  o*. 

|h0 

Define 


(9)  X-(AKa)vy[(s,)xFr(a  )1 

We  have  XCE"**  and  the  closure  X  of  X  in  E*^*  is  X -(A  xo*)0((s^)  xo"] -IAv(s^)lxw*. 
Since  X  is  s  compact  eubeet  of  E*^*  (as  a  product  of  two  compact  spaces  A\/(a^)  and  X  is 

m 

B  B 

a  compact  space,  and  aince  X  can  be  written  as  a  union  [(a^)xFr(o  )lv[^V  (ap  x  a  ]  of  a  count* 
able  nnmber  of  compact  aeta,  it  follows  that  X  is  an  absolute  F^  space. 

On  the  other  hand  the  set  X  -  X  equals  the  interior  of  the  simplex  (a,)  x  o*.  Since  this  Interior 
is  a  union  of  compact  sets,  the  set  X  -  X  is  an  F^  set  sad  therefore  X  is  a  -  set  in  X.  It 
follows  that 

(bp  The  set  X  defined  fat  (9)  is  both  on  absolute  F^  and  G^.space.  Evidently,  dim  X  -  n. 
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We  ahall  now  ehow  that 

(b|)  For  each  conpactificatioo  (ft  of  X  there  is  dim  [X’^-f(X)]>  dim  X-n. 

Indeed,  suppose  to  the  contrary  that  dim  [X*-  f(X)]  <  n  -  1  <  dim  X  and  take  the  sets 

^*-f[U|)xa"l,  -f[(a^)  X  o**^’*l  i^Otlf.tnt  j-O,  By  a^ a^  for  we 

have  that  for  every  i  «  0, 1, . .  •  Ot  diet  f  [(a|)  x  a*  1«  CU^)  x  o  ^'!li  0  if  j  <•  •• ,  where 

dist(A,B)«max  (sup  p(x,B),aup  p(A,x)]  is  the  distance  of  the  sets  A  and  B  in  the  sense  of 
x^A  x«B 


18)  w 

Hausdorff  .  Since  f :  X  -»  X*  is  a  homeomorphism,  and  [Av  (a^)]  x  Fr(o^)  is  compact  it  follows  that 

(10)  dist  (r*"^**  ,  for  j and  each  i»0tlt...n. 

Now  the  space  X*  being  compact,  there  exists  a  subsequence  i  j  1  of  i  j  I  such  that  the  se^ 
quence  of  sets  Ir^  «|  converges  to  a  continuum  CC  X*  Writing  j  instead  of  j',  we  have 

M 

dIst  (fj  ,C)-«0  for )-»«.  Since  f  is  one-to-one,  it  follows  that  CA[U  ]«0,  and  since  the  set 
\J  is  an  (n-1)- dimensional  compact  subsets  of  C,  we  have  by  the  assumption 

i*o 

dim  [\*-f(X)]<  n-1  and  Corollary  1,  in  [4]^  p.  32,  that  dim  C<  n-t.  Thus  by  the  definition  of 
d_(Y)  (Cf.  aection  III)  we  obtain  d^(C)  -  0,  Hence,  by  (6),  there  exiata  for  every  r  >  0  an  (>-covering 
of  C  by  sets  open  in  X*,  ka0,l,...ra  such  that 

(11)  A  A  . . .  A  G^  «  0  for  any  aet  of  subacripts  <  kj  <  . . .  < 

O  1  ■ 


18)  S.  [8],  p.  106 

19)  S.  [91,  p.  110.  Also  [161,  p.  11. 
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■  »— 1,1  — 
Now,  tince  r,  '  0,  we  on  by  (7),  choose  for  this  covering  sn  r  so  snsll  that  no 

btersects  esch  set  .  Hence  by  (10)  no  set  intersects  all  the  faces  r*  ,  i -0,1,...B 

■  , 

for  sufficiently  Isrge  j.  Let  Gm\J  G..  By  CCQ  snd  dist  (r,  .C)-*0  for  j -•  ••  there  exists  a 
8uch  that  ^  j  ^  Fixing  any  j  >  »  we  find  that  the  aeta  h  -  Oglg. . 

aatiafy  the  aaaumptiona  of  (8)  with  a  replaced  by  n  and  r  by  fj.  Hence  by  (8)  aome 
F.  . F.  g  and  therefore  alao  the  aeta  G.  , . . .  G.  have  a  non  empty  interaection,  which  ia 

o  *■  “o  *■ 

incompatible  with  (11).  Thua  (b*^)  ia  proved. 

(^1)9  (1^*1)  (})  we  obtain 

Theorem  2.  The  aet  X  defbed  in  (9)  ia  both  an  abaolute  F^  and  G^- apace  of  the  aecond  kind 
and  of  dimenaion  n. 

Thia  theorem  givea  an  anawer  to  problem  (a^). 

IV.  2.  On  0  problem  of  A.  Lolok. 

The  following  problem  p,31)  infll],  p.  34  waa  formulated  by  Lelek. 

Doea  there  eiiatg  for  each  abaolute  G^- apace  X  of  the  aecond  kind  with  finltOg  poaitive  dimen- 
aioOg  a  compact  apace  Z  with  poaitive  dimenaioOg  auch  that  X  containa  a  topological  image  of  the  aet 
N  K  Z  (N  being  the  aet  of  irrational  numbera  of  the  interval  J  « [0,1])  t 


A  negative  anawer  to  thia  queation  waa  given  b  [112].  Now  it  ia  eaaily  aeon  that  a  negative 
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answer  to  problem  (a^)  posed  in  section  II  contains  as  a  special  case,  a  negative  answer  to  that  of 
Lelek.  (It  suffices  to  take  in  (a^)  n  «  dim  X  -  1).  We  now  proceed  to  prove  that  the  answer  to  (a^)  is 
negative. 

Indeed,  let  X  be  the  apace  defined  in  (9).  We  shall  show  that  there  does  not  exist  a  space  Z 
with  dim  Z  »  dim  X  «  n  such  that  N  x  Z  has  a  topological  image  in  X, 

Suppose,  to  the  contrary,  that  such  a  apace  Z  exists  and  let  h:NxZ-»X  bea  homeomorphism 
of  N  X  Z  into  X.  Fix  a  point  (  r  N.  Then  the  n-dimensional  space  ((^xZ  has  a  topological  image 
in  X,  Now  X  being  a  countable  union  of  compact  disjoint  sets  (a^ )  x  a*  and  (a^)  x  Fr(a*),  ]  - 1,2, ••• 
and  (^)xZ  being  n-dimensbnal,  it  follows  that  hKOxZ]  has  an  n^dimensional  intersection  with 

19*)  .  *  .  .  « 

some  set  x  a*  .  This  intersection,  as  n-dimensional  subset  of  a  ,  contains  an  open  sub- 

20) 

set  of  Since  h  is  one-to-one,  the  sets  h((()xZ]  and  h[(^)  x  Z]  are  disjoint 

for  €1/^  N  and  since  N  is  uncountable,  we  get  an  uncountable  family  of  disjoint  open  sets 

contained  in  X,  which  is  impossible. 

IV.  3.  A  theorem  on  compoctificotlon. 

We  shall  now  prove  a  theorem  with  help  of  which  it  will  be  possible  to  construct  for  any  n»l,...M^, 
a  n-dimensional  space  X  which  is  not  locally  compact  at  a  single  point  and  such  that  for  each 


19’)  This  is  a  consequence  of  the  Sum  Theorem  for  Dimenaion  n,  Cf.  [4],  p.  30. 
20)  This  followa  easily  from  Theorem  IV,  3  in  [41,  p.  44* 
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comptctification  (f,  X*)  of  X  there  is  dim  (X*-  f(X))  >  1. 

Theorem  3.  Suppose  that  the  space  X  cootains  a  sequence  |C||  of  continue  Cj  and  a  point 

p  such  that 

•0 

(c^)  the  sets  are  closed  and  open  in  the  union  V  and  disjoint  C^AC^-O  for  i  j 

(c  )  there  exiats  a  number  9  >  0»  such  that  for  each  i  «  1,2,« . ,  the  diameters  d(C.)  ^  A 
2  * 

and 

(c,)  \J  c^-  \j  C^.  (p). 

I-X  HI 

Then  X  is  not  locally  compact  at  the  point  p,  and  for  each  compactification  (f|  X*)  of  X  there 
is  dim  (X*-f(X))>  1. 

Proof,  Let  be  an  arbitrary  net^borhood  containing  the  point  p.  We  have  to  show  that  the  closure 

M 

is  not  compact.  By  (c^ )  there  exists  a  sequence  of  points  p^  €  V/  such  that  p|  ^  p  for  i 

and  such  that  the  seq^ence  ip^  |  has  only  a  finite  number  of  pobts  in  common  with  each  Cj. 

Thus  we  may  assume»  that  for  each  i  »  1,2, ...  there  it  P|  r  Cp  Let  S  -  S  (p,  r)  be  a  spherical  neigh* 

d 

borhood  of  p  with  radius  r  cootabed  in  .  By  p^  Pi  the  seta  empty  for  i 

s 

sufficientiy  isrge  and  since  are  connected,  we  get,  by  (c,),  that  for  these  i  there  is 
C|AFr(S)|4  0,  where  Fr(S)  *|q;  p(p,q)-r,  qrXI  is  the  boundary  of  S,  Choose  from  each  such 
set  C|AFr(S)  s  point  qj  and  consider  the  sequence  |q||.  Since  SC^^,  we  have  iq^|CU^  and 
since  qj  i  Fr(S) ,  there  is  p(q|,p)-r>0.  Now,  by  q^rCj  for  i  sufficiently  large,  (C|)aad(C|), 
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oqr  coovergeot  ■ubaequence  of  Iqji  tends  to  p,  which  ie  impoesible  by  p(<l(t  p)  <■  r  >  0.  Thue 
is  oot  compact.  It  remaios  to  show  that  if  (fg  X  )  is  any  compactification  of  Xgthen  dim[X  -*f(X)]>  1. 

For  this  purpose  let  US  consider  the  sets  X|  •  VyC^V/(p)  nnd  f(X^).  The  closure  f(X|)«X^CX 
is  a  compactification  of  Xj,  Let  y  be  any  point  of  x|  -  f(X^),  Then  the  point  y/ f(X).  Indeed,  if 
there  would  exist  a  point  xrX  such  that  y  »  f(x)  then  there  would  be  x/X^,  since  f  is  one-to-one. 
Now  by  y  rf (Xj)  there  exists  a  sequence  of  points  r X|  such  that  f(x^)  y.  Thus  by  the  continuity 
of  it  should  be  xr X  -  X^.  But  by  (c,)  the  set  Xj  is  closed  in  X,  and  since  x^rXi  it 

follows  that  xrX^.  This  contradiction  shows  that  y/f(X),  Thua 
(12)  [Xj-f(Xj)]  Af(X)  -  lX^  -  f(Xj)]Af(X)-  0 

Let  us  take  further  r  nnd  construct  (analogously  with  the  first  part  of  the  proof)  points  p, 
p,  «  C,  md  q,  f  C|  ,  auck  that  p(p,q|)-  r>0  for  i  aufftciently  large.  Since  X*>f(X,)  la  compact 
and  f(C|)C  X*  we  can  chooae  a  aubaequence  of  the  aequence  i  f(C|)  |  of  continue  converging  to  aome 
continuum  C**!  Denoting  the  aubacripta  of  thia  aubaequence  by  i  we  have  therefore  that  diet  [f(C|),  C]-» 
-*  0  for  !-•••.  Now,  by  pj  ■*  p,  p|  r  C| ,  it  followa  that  C  containa  the  point  f(p).  If  C 

would  reduce  to  thia  point  f(p)  ,  then  by  qjiCj  there  would  be  f(q|)  ■*  f(p)  and  aince  f  ’  ia  conti- 
nuoua  there  would  alao  be  q|  ■*  p,  in  contradiction  to  p(p,  q^)  ■  r  >  0.  It  followa  that  C  containa  at 
leaat  two  pointa,  and  aince  it  ia  a  continuum  we  have  dim  C  >  1.  Therefore  dim[C  -  (f(p)]  >  1. 


21)  s.  [91,  p.  no. 
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Now,  bjr  (e^)  we  have  C  /U(C,)  >  0  lor  each  i  -  1,2, ...  Therefore  by  X|CX*  and  (12)  it  followa 
that  dim  pC*  -  f(X)]  >  1.  Theorem  3  ie  proved. 

Remark^  In  a  quite  analogoua  way  one  could  prove  that 

U  the  apace  X  containa  topologically  the  aet  defined  by  (9)  and 
Ax0*-Axa*  -  ,  then  for  eadi  compactification  (f,  X*)  of  X  there  ia 

dim  [X*.  f(X)]  >  n.  (For  n  -  2,  see  Fig.  3). 

••  I 

Eiample  1.  Let  X  -  (aj  v/(  V/ (Sj)  x  J1  where  a,-0  and  Sj  -“yri*  i  -  i.2i ...  arerealnum- 
ber»  OQ  the  real  axes  and  J  «  [0,  1]  (S.  Pig.  1).  Thia  l^menaioeal  apace  X  ta  oot  locally  coiapact 
at  the  abfle  point  a^  -  Og  and  by  Theorem  3  dim  [X* ((X)l  >1  for  any  compactiflcation  (fg  X*) 
of  X«  It  ia  alao  eaaily  aeea  that  X  ia  an  abaolute  *and  G^-apace  and  thua,  by  (3)  and  dim  X« Ig 
we  obtain  that  X  ia  an  abaolute  and  G^apace  of  the  aecond  kind. 


Fig.  1 


-  w . 


Example  2.  Let  n-2,3, ...  W  and  let  X  -  (J*  -  Xj)\/ (P)i  where  X,-ix;  x-(xp  x, . x^), 

XjteOj  0<  X,  <  1,  for  i-2,3,...  n|  and  0-  (0,  0,^0)  (H  n-  H,  j“  ia  the  Hilbert  cube). 

m 

It  it  clear  that  dim  X  »  n,  and  that  X  it  not  locally  compact  at  the  single  point  0  «  (Of  0Me*0)»  It  it 

a 

alto  easy  to  conatnict  a  tequeoce  of  continua  in  X,  such  that  the  assumption  s  of  Theorem  }  be  ta- 

titfied  for  the  point  p  •  (O^Op.e.O).  Hence  dim  [X  -  f(X)]  >1  for  any  compactification  (f,  X  )  of  X 

■ 

(for  n  -  3,  tee  Fig.  2). 

c 


A 

For  each  compactification  (f,  X*)  of  this  full  cube  X  excluding  the  full  square  OABC  but  including 
point  0,  dim  IX*-f(X)l  >  1. 


Fig.  2. 


I 

i 
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According  to  Remark  2,  tor  each  compactification  (f,  X*)  of  this  full  cube 
rior  of  the  aquare  OABC  |iut  including  OA,  AB,  BC  and  CO)  dim  [X*-  f(X)l  >  2 

Fig.  3. 


excluding  the  inte- 


IV.4.  A  weekly  inflnite^imenalenol  obaolute  end  6^>apoee 

Aa  atated  in  (3),  a  flnite  dimeneional  abeolute  Gg>apace  X  la  of  the  firat  kind  if  and  only  if 
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there  exiete  e  compactificetioa  (f,  X*)  of  X  euch  that  dim  (X*-  f(X))  <  dim  X. 

We  ahall  now  ahow  that  the  above  cooditioa  ia  not  neceaaary  for  infinite  dimenaiooal  apacea.  More 

preciaeiy,  we  ahall  conatruct  an  abaolute  and  apace  of  the  firat  kind  which  ia  weakly  infinite* 

dimenaional  and  auch  that  for  each  compactification  (f,  X*)  of  X,  there  ia  dim  [X*-  f(X)]  ■  Let 

us  take,  for  fixed  n,  the  aet  of  pobt  x^^^  “  “"b  ”1  *  m  «  n  +  1,  n  +  2,  ...  on  the  real  axea,  and 

2  2 

"  1 

lot  A^m  \J  (*,,,)•  Define  X^  -  (A^  xo*)V/ [(— )  x  Fr(e“)]  where  a"  ia  a  n<dimenaional 
■-■+1  •  2 

cloaed  aimpiex  with  diameter  and  Fr  (a*)  ia  the  boundary  of  o*.  The  aet  X  ia  then 

2 


defined  by 


(IJ)  X  -  V  X 

■-1  ■ 


Ho 


The  aet  X  can  be  conaidered  as  a  subset  of  the  Hilbert  cube  J  ,  and  the  closure  X  equals 
-  “  "1 

X  -  V/  X  V/  [  V/  [(-“)xlnt(«r*)]vy(0)  where  Into“i^o“  -  Fr  (o*)  and  0-(0,0,...)  is  the 

■"I  ■•I  2* 

point  all  whose  coordioaten  are  zero.  It  ia  alao  easily  seen  that  X  may  be  written  in  the  form 

m  1  ^  * 

)j  \yiO)f  where  « [A^V/  (~)]  x  a* «  Since  X  ia  a  compact  apace  and  X  ia  a  countable 

mmi  2 

union  of  compact  seta,  we  find  that  X  ia  an  absolute  F^-apace.  Further,  we  can  write  each  aet 
(—»)  X  Int  (e“)  ss  s  union  V  F"  of  compact  sets  F*  ,  i  »  1,2,...  Thus  X  -  X  -  V  F"u  (0) 

2'  »->  '  i  '  '  »  .-1  i-i  ‘  ' 

_  •  •  , 

is  an  F-  set  and  thus  X  is  an  abaolute  G.-space.  Moreover,  the  sets  X  -  [  V/  V/  F,  V  (0)]-G 

^  ■-!  1-1  i  • 

M 

are  open  in  X,  dim  [Fr(G^)]^  a  and  X.  Hence,  X  ia  an  abaolute  F^  and  G^ -apace  of 

the  firat  kind.  By  the  definition  of  X,  it  follows  that  X  ia  a  weakly  infinite-dimensional  apace  i.e. 


-  22  • 


32) 

dim  X.-, 

We  shall  now  show  that  for  each  compactification  (f,  X*)  of  X  there  is  dim  [  X’*'  -  f(X)]  «  For 
this  purpose,  let  us  note  that  the  set  X^  is  homeomorphic  with  the  space  difined  in  (9),  and  hence  by 
(b'^)  there  is  dim  [X*  -  f(X^)]>  dim  X,  «n  for  each  compactification  (f,  X]|)  of  X^.  Now  it  is 
easily  seen  that 
(14)  flx7)  Af(X-XJ  -  0 
where  f(X^)  is  the  closure  of  f(X^)  in  X*. 

Indeed,  suppose  to  the  contrary  that  the  set  in  (U)  is  not  empty  and  let  y  r  f(X^)  Af(X 
We  have  f(X  X  )  «  W  f(X.  ).  Then  y  «  f(x)  where  x  r  X.  for  some  k  n.  Since  y  r  f(X  ), 

■  k^m  *  • 

4 

there  exists  a  sequence  iy^|  such  that  y^ y  ari  y^  •  f(x^)  with  r  X^.  Since  f  is  con- 

tinuous,  it  follows  by  y  »  f(x)  that  x^  x.  This  is  impossible,  since  X|  r  X^,  x  /  X^  and  X^  is  a 
closed  (also  open)  set  in  X, 

Now  X*  m  f(X^)  is  a  compactification  of  X^  and  therefore,  by  dim  [X||  *  f(X^)]  ^  dim  X^«  n 
and  (14),  we  have  that  dim  [X*^  -  f(X)]  >  n.  Since  n  is  arbitrary,  it  follows  that  dim  [X^-  f(X)]  »  m. 


22)  For  weakly  infinite-dimensional  spaces  X,  dim  X  ■  a>  is  sometimes  written  instead  of  dim  X  «  m. 


.  23- 
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